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1.  lnt  r  oil  net  ion. 


Let  {Xj,  i  >  1}  be  a  sequence  of  independent  and 
identically  distributed  random  variables  (i.i.d.r.v.)  with  a  continuous  dis¬ 
tribution  function  (df)  1’,  defined  on  t  be  real  line  K  »  for  every 

n  (•  l),  let  X  .,...,X  be  the  order  statistics  corresponding  to 
n,l  n,n 

X......X  and  consider  the  slat  1st  ies 

1  n 


n  *  ,  c  h (X  .), 

i-1  n,i  n,i 


(1.1) 


where  {c  , ,  1  <  I  <  n;  n  »  1}  is  a  triangular  array  of  (known)  real 

U  >  1 

constants  and  h  is  a  specified  fund  ion.  Actually,  If  wo  let  R  "  h  •  F 

and  f.  ,  -  F(X  .),  1  <  i  <  n  (so  that  f,  f.  arc  t  lie  ordered 

n,  i  n,i  ’  —  n,l  n,n 

r.v.  of  a  sample  of  size  n  from  the  uniform  (0,1)  ill),  we  may  rewrite 
(1.1)  as 


-1  /,  \ 

T  .  “  n  }  c  j>(i.  1 , 

n,k  i“l  n,l  n,l 


k  s  n . 


Under  suitable  regularity  conditions  (on  g  and  the  e  ),  for 

II  *  1 

k/n  -►  a  (0  <  a  <  1), 


(1.2) 


nS(Tn  k  -  p(a))/o(a)  [  N(0,l),  (1.1) 

2 

where  for  each  a  C  (0,1],  p(«)  (asymptotic  mean)  and  o  («)  (asymptotic 
variance)  are  functionals  of  g  and  the  score  function  .1  (which  generates 
the  c.  .).  (1.3)  has  been  proved  under  diverse  regularity  conditions  by 

n,  i 

a  host  of  research  workers  (viz.  (I,  3,  4,  5>,  6,  7,  F|).  Stigler  (Ihpo)  has 
also  shown  that  under  suitable  regularity  conditions. 


n  Vnr  (T^  ^)/o  (o)  *■  1 


(1.4) 


Let  { ,  n  >  1)  be  a  class  of  stopping  times,  where,  for  each  n  1), 

i  is  defined  in  terms  of  X  X  and  it  assumes  values  in 

n  n,l  n.n 


2 


Gardiner  and  Sen  (1978)  have  shown  that  if  n  a  C  (0,1] 

and  the  regularity  conditions  pertaining  to  (1.3)  hold,  then 

nS(T  T  "  u(n-1an))/o(«)  N(0,1),  (1.5) 

*  n 

while  if  n  ** ( i  -  na)  ^  0,  then  in  (1.5),  p(n  )  may  also  be  replaced 
by  p (a)  . 

In  a  variety  of  practical  applications,  p(u)  can  be  related  to  the 

basic  (viz.,  location  or  scale)  parameters  of  F,  and  thereby,  confidence 

intervals  or  tests  of  significance  for  y(u)  can  be  transmitted  to  yield 

parallel  conclusions  for  these  parameters.  In  this  context,  one  confronts 

2  2 

the  problem  of  estimating  o  (a)  and  natural  estimators  of  a  (a)  can 

be  derived  from  the  sample.  The  object  of  the  present  investigation  is  to 

2 

consider  such  an  estimator  of  o  (a)  and  to  study  its  asymptotic  normality. 
Along  with  the  preliminary  notions,  the  main  theorems  are  presented  in 
Section  2  and  their  proofs  are  considered  in  Section  3.  Section  4  is 
devoted  to  some  general  remarks  including  a  comparative  study  of  the 
regularity  conditions  pertaining  to  the  almost  sure  (a.s.)  convergence  and 
asymptotic  normality  of  ^  and  the  estimator  of  o*’(u).  For  the  con¬ 
venience  of  presentation,  some  of  the  technicalities  are  postponed  to  the 
Append ix . 

2 . _ JPr_o_l  »'^tnc»  iy _ t  .li_tjo_rji;n>f> . 

Define  g  as  in  after  (1.1) 

and  assume  that  for  every  0  C  (0,*j),  g  is  of  bounded  variation  in 
(0,  1-0).  For  each  n  (>  1),  define  J  on  [0,11  by  letting  J^(t)  - 

c  for  (i-l)/n  <  t  <  i/n,  1  <  i  <  n  ai.d  .1  (0)  **  c  ..  Also,  let 

11  |  i  H  11  y  I 

1’  (t)  =  n  ,  I(f.  .  <  t),  t  C  [0,1]  be  the  empirical  df.  Then  T 
u  t=l  n,l  —  n,k 

in  (1.2)  can  be  expressed  as 


fi'V) 

"  n  .1  ( 

'  II  ' 


(  1-  (t)  )g(t  )dl-  (t)  . 
n  n  » 


(2.1) 


We  define  a  hounding  function 


“a, 

B(*,  a)  -  (B(t,  a)  “  M  t  (l-t)  ,  t  C  (0,1) > 


(2.2) 


where  M(0  <  M  <  *»■) ,  a  **  (a^.a^)  and  «j  ,a^  are  real  numbers.  Also,  for 
fixed  B(>  0)  and  A(>  0),  we  define 


<1k  =  =  (‘O-*)]1'  'v /? ,  t  t  (0,1)}, 


(2.3) 


Then,  we  make  the  following  assumptions: 


[Al]:  |g|  _<  11(*,  a)  for  some  a  n  (a., a,). 

[ A2 ] :  There  exists  a  J,  defined  on  (0,1),  such  that 


I J  |  1  B(*  .  b)  and  |.T  |  <  !»(•,  b),  V  n. 


(2.4) 


where  b  “  (b^,b,,)  with  real  b^.b^  and  except  on  a  set  of  t’s  of  |g|- 

measure  zero,  both  .1  Is  continuous  at  t  and  J  ►  J  uniformly  in  some 

n  ■ 

neighborhood  of  t  as  n  ->  ». 

For  each  a  £  (0,1],  let  us  then  define 


hn(a) 


fd 

Jo  n 


(Og(t)dt  , 


(2.S) 


o2(a) 


(s  a  t  -  st ) J (s)J (t )dg(s)dg(t ) ;  a  a  b  *=  min(a,b).  (?.fi) 


Note  that  if 


al  +  bi  “  n2  +  lv>  ^  J/2  -  A 


(2.7) 


/I 

then  B(*,  b)q  d|g|  <  <»  and  it  follows  from  assumptions  Al,  A2  that 

JO  S  2 

both  u  (n)  and  o  (n)  are  finite  and  then  (1.3)  holds  [of.  Shorack 
(1972)].  If,  in  addition  n  i  ^  «  C  (0,1)  and  g  admits  a  derivative 


at  u  or  n  (i^  -  no)  ■  0^(1)  ami  g  is  continuous  at  a  then  (1.5) 
obtains  (cf.  Card  liter  &  Sett  (1978)). 

O 

In  the  current  paper,  we  consider  the  following  estimator  o:  o*"(w): 


%<*>  -  (rn(«  At>-  i,n(»)rn(t))Jn(rn(8))Jn(rn(i))dR(s)dR(t)  (2.8) 


which  can  also  be  written  as 


* 

-2  -2  n  -1  n  -1 

O  (a)  -  tl  ,  I  .  , 

II  i“l  1 


i-i  !J-1  ■  «|l|l(s.,m)  ■ 


h(Vi)l"'<Xn.j+t)  -  *  V  <J'g> 

^  -  1 
where  n  “  maxlk:  (,  ,  <  a )  and  i  *■  0  (n  ).  Also,  as  in  Son  (H78). 

u  >  k  n  V' 

o’  (a)  can  be  interpreted  as  the  cond it  tonal  variance  of  nT  .  civen 
n  * 

n,n 

{X  ,  1  v  j  v  nfk  and  k  ^  1).  Our  main  concern  is  to  study  regularity 

U  rK  %  \ 

S  2  2 

conditions  pertaining  to  the  asymptotic  normality  of  n  (d*^(a)  -  .~(a'). 

For  this  purpose  we  need  sons'  addition.il  regularity  conditions: 


lAl]:  nS  [  1.1,0'  (t))  -  d(l„  (t))jd|g(t)|  So.  as  n  w. 


(A/*]:  except  on  a  set  of  t 's  of  |g|  measure  zero,  d*(t)  «* 
(d/dt ) J (t )  exists  and  is  continuous  at  t,  and  for  son< 

£  -  (°A ,c2>  » 


d'|  _<  R(*.  c)  where  0  e^  -  b.,  e.,  -  b.,  v  1, 


(2.io> 


with  h  defined  in  (A?). 

Let  us  now  write  1  for  t  he  identity  f  tine  t  ion  on  (0,1)  and  let 


J(l)  -  Id.  d(2)  (1  -  1)J; 


I.jCt) 


^  i:  •' 


I(2)dr”  1‘2 'l) 


f  J 

J0 


1  ( j )dg,  0  v  t  v  1; 


(2.11) 


(2.12) 


L0-  V(l)  +  V(2)' 


(2. I  11 


s 


Dot  too 


)  “  (s  a  t  -  st ) l .  ,(«)!.  ,(t )dg(s)dg(t) 

J0  J0 


(2.  14) 


Thon,  wo  havo  tho  following. 


Theorem  l.  Suppose  that  Al ,  A2,  At  atnl  A4  hold  and 


lt(*.  fr>\d|g| 


(2.r>) 


Then,  both  o*(l)  anil  > "  aro  finito  anil 


n^oj’o)  -  o  ’(!))/>  ■  N(0,l). 


(2.1b) 


Tho  proof  is  considered  in  tho  next  soot  ion.  Wo  may  remark  horo  that 

in  (2.11)  through  (2.14),  it  wo  lot  .l(t)  0  for  t  '  a  (whon  0  v  «.  1) 

•> 

ami  vU'not  i'  tho  resulting  expression  In  14)  by  )\  thon  (2.  lb)  holds  for 

a 

v  ,  2  2 

u  (o  (n)  -  o  (a))/\  .  lienee,  lot  tho  sake  ot  simp l  loltv,  wo  eons  Kiel  tho 
n  a 

*  ? 

oaso  of  a  -  l  anil,  for  not  at  Iona  1  oonvenionoo,  write  o*tl)  -  o*  , 

n  n 

’>  ■» 

o  (l)  “  o  .  Wo  may  also  remark  that  whonovor  l.  ^  in  (2. It)  is  iutograblo 
wit  It  respect  I  o  t  hi’  signed  moasnro  g  on  (0,1),  a  moro  oonvoniont  torm  ot 
(2.14)  can  bo  obtained.  Define  tl  ^  on  (lt,l)  by 


CM  l.  (s)dg(s),  0  v  t  v  l 

Jo 


(2.  I/) 


Thon,  a  pedestrian  calculation  loads  ns  to 


9  ^  *> 

'•  ’  lo  C>> 


(t)dt  -  (I  U  (t)dt)‘  . 
•'() 


(2.18) 


* .»  ,2  _j 

Now  lot  ns  suppose  0  v  a  v  1  and  sot  o  "  “  o* (n  i  ).  In  tho  stato- 

n  n  n 

meat  of  A4  wo  assume  additionally  that  .1  is  eont  i  mums  at  v\  and  .1  ►  d 

u 

uniformly  In  some  neighborhood  of  a  as  n  »  For  t  y.  (0,a)  wo  define 
l*(t)  »  2j  J^dg  and  l*  -  l.J  t  l  o’’  ,)-  »■«'»  O*  («>)'•’ 

f  f  (n  a  t  -  st)l*(s)l.'*(t)dg(s),lg(t). 
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Th  oo  i  em  2.  With  the  remarks  noted  above  suppose  that  A  l  through  A4  hold 

2  -f 

togethei'  with  (2.  IS).  Then  both  o*  (a)  and  )  (a)  are  finite  and  if,  in 

addition,  n  K  a  then 

n  - 


~  o‘( n  li)i))/'1'4(a)  £  N(0, 1) 


(2.19) 


while  if  n  (t  -  m)  *'  0  and  g  admits  a  derivative  at  a  then  in 

2,  -1  2 

(2.19)  o  (n  i())  may  also  ho  replaced  by  o  (a)  . 

3 .  Proofs  of  Theorems . 

Note  that  by  (2.4)  and  (2.t>), 

0  <  o‘-(u)  =  2  /  /  s(l-t)J(s)J(t)dp(s)dp(t) 

0<s<t<a 


■ct  .  0 

<  2 (  (t(l-t)  )  |J(t) |d|g(t) |) 

J0 

f1  L  2 

<  2  (  {  t  ( 1 — t )  i|J(t)Jil|};|),  Vat  (0,11 


<  2M‘  (  Bq  d|g|)  ,  V  «  L  (0, 

.  C\  * 


(3.1) 


fl 

Now  (2. IS)  ensures  the  less  restrictive  condition  Rq  d|pj  <  •"  and  so 

2  J° 

o  (a)  v  for  every  n  (_  (0,1).  Similarly,  on  noting  that  under  (2.  IS), 

by  (2.11),  (2.12)  and  (2.11) 

|  l-0(t )  |  v  M*{t  (1-t)  }"'4B(t,  b),  V  t  C  (0,1),  for  some  M  <‘",(3.2) 


wc  have  by  (2.14)  and  (3.2), 


Y2  1  2(f  {t(l-t)>S|l.  (t)|d|g(t)|)? 

JO 

<  2(M*  [  { r  ( l  - 1 )  }Si(t ,  b)d|p(t)|)’ 

Jo 

2 

<  2M*  (/  R(* ,  b ) q , d | R | )  '  <  «,  by  (2. IS) 


(1.3) 
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Note  that  by  (2.6),  (2.11)  and  (2.12), 

o2  =  2  /  /  s(l-t)J(s)J(t)dg(s)dg(t) 

0<s<t<l 


*  £ 


(t)dL2(t).  (3.4) 


Again,  if  we  define  for  each  n  >  1  and  t  (  [f,  , ,  £,  ), 

n ,  1  n ,  n 


L  (t)  -  2 
n,  1 


£ 

'  n,"l-r„)J„<r„)d*  a"d  Ln,2(t)  "  2 
t  ’ 


r„Vr„)l|r"  (3-5) 


n,l 


with  both  L  ,  and  L  _  set  equal  to  zero  otherwise,  we  may  write 
n ,  1  n ,  2 


o~  *  (1/2) 


Ln.1(t)dIn.2<t>* 


(3.6) 


From  (3.4)  and  (3.6),  we  have 


V  2 

n  (o 

n 


2,  i  .  c 
0  >  =  2  {Sn, 


1+Sn,2+Rn}* 


(3.7) 


where 


S 


S 


n ,  1 
n,2 


R 

n 


1 

0 

1 

0 

1 

0 


nS(l.„,1(t)  -  L1(t))dl.2(t), 
L1(t)d{nS(Ln>2(t)  -  l.2(t))}, 

"X,l<0  -  Ll(,»‘l(\,2(t>  -  V'»- 


(3.8) 

(3.9) 

(3.10) 


Let  (fl.B.P)  he  the  underlying  probability  space  and  let  II  =  n*,(r  -  T.) 

n  n 

be  the  uniform  empirical  process  on  [0,1].  Suppose  U  denotes  a  standard 

Brownian  bridge  process  on  [0,1]  defined  on  the  same  probability  space. 

[(0»S,P)  may  not  be  rich  enough  to  support  U.  However,  by  one  of  the 

usual  techniques  of  embedding  [cf.  Shorack  (1972)],  we  may  construct  another 

£  £ 

probability  space  (S2  ,B  ,P  )  where  the  distributions  of  our  original 
variables  are  preserved  and  which  is  rich  enough  to  support  l!.]  Let  Q 
be  the  class  of  all  nonnegative,  continuous  q  on  [0,1]  which  are  bounded 
below  by  functions  q  nondecreasing  (nonincreasing)  on  [0,L]  ([S.l])  and 


f1  — 2 

satisfy  q  \ll  ..  Let  »»  (f,j’.>  "  sup{  f(t)-K(t)  /q(t):  0  <  t  <  1  > 
Jo  11 


bo  t  ho  usual  sup-noim  metric.  Thou,  it  is  known  that  for  oach  q  r.  tj 


Pq(Un.U)  -  op(l)  and  pqCUn.O)  -  0^(1)  -  <^(11,0).  (T.ll) 


Note  that  by  our  definitions. 


Sit  (I,  -  L, ) 

n ,  1  1 


r  ».  n 


II  J  (T  )dy  3 
n  n  n 


n,n 


(l-I)n  (J  (T  )-d(T  ) )dq 
n  n  n 


f'  n  * n  l 

(l-I)n  (J(T  )-J)dy 
t 


fl 


n 


s 

9  - 11  L 


(1-1)  vTd.j , 


n ,  n 


for  t  €  U  '  ) 

n,l  n,n 


fl 


n  i  r  l  —  I )  d dq  ,  otherwise 


it 


(3.12) 


ft 


S  n‘(L  ,  -  I.,) 
n ,  2 


1  S 

u  d  <r  ) u.j  ♦  m  u  (r  )  -  j(r  ))dy 

I  .  n  n  n  j  n  n  n 


n,  1 


'n,  1 


1  n*1  (.1  ( F  )  -  J ) da  -  n*2 
n 


f'n.  1 


I  Jd.j, 


n ,  1 


for  t  C  U  ,  f.  )  , 
n,l  n,n 


-n 


lJdy,  otherwise. 


(3.1  1) 


Substituting  ( 3 . 1  r* )  in  (3.8),  wo  write 


s  ,  =  -s(ll  3  s(2i  3  s(3|  -  s(4>  . 

n,l  n,l  n,l  n,l  n,l 


(3. 14) 


Define  f. 


=>  ■  0 


fl 


UJd«?}dL_  and  let  \  ,  ,  \  ,  denote  the  indicators  of 

2  An ,1  n ,  2 


It.  ,  ,  f.  )  and  [t,  f.  ),  t  C  (0,1)  respect  ivoly. 
n ,  1  n ,  n  n ,  n 


Then 


9 


r1  r1 

Cj  5.J  IB<*,b)xn<id|9((JtUn#2Vn(rn>  "  UJldM  } 

+  f  IB(-,b)x  ,d|q|{f  | U J | d | q | } 

J  U  n '  J  t 


(3. 15) 


=  S(1>  ♦  S(1)r>,  say , 

n,  1 1  n , 12 


where  x  ,  is  the  indicator  of  the  complement  of  Lf.  ,  .  £,  )  relative 

An , 1  n , 1  n 

to  (0,1).  To  handle  S^J  note  that  for  x  .  =  1  and  x  •>  =  1  we  have 

n,  11  n  ,  1  i\  § 

|x  .,u  j  (r  )  -  uj|  <  |u  -  o | b ( •  ,b)  +  |j  (r  )  -  a 1 1 u  |  .  (3.16) 

1  An ,  2  n  n  n  1  —  1  n  1  ~  1  n  n  1  1  n 1 

Furthermore ,  |j  (T  )  -  j|  <  2B(f  ,b)  v  B(I,b),  and  since  0  <  T  <  1,  in 

the  range  under  consideration,  wo  obtain  by  Theorem  2  of  Wellner  (1977) 

that  there  exists  a  set  Ac  1!  such  that  P(A)  1  and  for  each  w  €  A 

there  exists  an  integer  n  for  which  n  >  n  implies 

w  —  w 


J  (r  )  -  J  <  M  B  ( •  ,b)  q,/q  , 
inn  1  —  ~  S 


(3.17) 


where  M*”*  ( <  »•)  is  a  constant  and  q  =  (1(1  -  I)}‘  .  For  such  to  and 

n,  therefore,  from  (3.11)  and  (3.17),  the  right  hand  side  of  (3.16)  is 
bounded  by 


p  (11  ,U)  B  ( •  ,b)  q,  +  M°p~(U  ,0)B(.,b)q,  =  O  (l)B(*,b)q. 
q^  n  ~  q  n  ~  p  ~  o 


(3. IB) 


whenever  x  ,  =  1  and  x  ^  =  1.  When  \  =1  and  x  ->  =  0,  however 

the  left  hand  side  of  (3.16)  is  again  dominated  by  O  (1)B(* ,b)q^.  We  note 

that  I'n  ->  I  .niformly  on  [0,1]  and  thus  by  [A4j,  J^U'^)  ■>  J  (a.s.), 

pointwise  a.e.  |g|.  Since  t.  >  1  a.s.  anci  from  (3.11)  we  have  for 
*  11  n ,  n 

each  t  €  (0,1),  x  -.0  0  (T  )  ->  lid  (a.s.),  pointwise  a.e.  [q{.  Hence 
n ,  2  n  n  n  1 

the  dominated  convergence  theorem  applies  and  for  each  t  €  (0,1),  we  obtain 
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(3.19) 


Acjain  for  each  t  6  (0,1),  we  have  using  the  upper  bound  in  (3. IB) 
rl 
t 


IB(-,b){  ,xnf2UnJn(rn)  “  UJldM> 


<  {1  (1  -  I)  }'5/2n(.,b)qSj{ 


B(*  ,b)q,d|g|  }  O  (1)  , 


(3.20) 


0 


where  tlie  right  hand  side  is  a  |  g  |  -  integral)  1  e  function.  It  then  follows 

from  (3.19)  and  the  dominated  convergence  theorem  that  0  as 

n,l  1 


To  handle  we  write 

n,12 


s(1>  < 

n ,  1 2  — 


£ 

c  n,i  rl 

IB  ( •  ,b) d  | q  J  {  |  ujl?  f  ,b)d|g|  } 
0  t 


rl 


IB(-,b)d|q|{f  |u|:  '• ,b)djgj } 
It 


n,n 

The  first  term  on  t)ie  right  hand  side  may  bo  bounded  by 
£ 


f 


’n ,  1 


IB(-,b)d|g|{  {1(1  -  I)}4B(-,b)q  d|g|}p  (U,0) 

J0  Jt  % 


(3.21) 


<  ( 


'n ,  1 


{1(1  -  I)}<S/2B(-,b)qld|g|)  (|  B(-,b)q  d|g|)0  (1) 
0  4  Jo  '  *  P 


-  o  (1),  since  £  ,  0  and  the  integral  converges. 

p  n, 1  J  ^ 

The  same  argument  will  also  show  that  the  second  term  on  the  right  hand  side 
of  (3.21)  is  o  (1)  .  Hence,  finally  it  follows  from  (3.15)  that 


B(1i  ^  r  =  [  r(  UddqidL  , 

n,.l  1  J0  Jt  2 


as  n  ->  ®>. 


Next,  we  note  that  by  [  A3  j  and  the  definition  of  S 


(2) 

n,l' 


(3.22) 


— I 


11 


IB ( • ,b)d|g| { 


(1  -  I)  n*3 1 J  (r  )  -  J(r  )  |  d  |  g  |  } 


n  n 


<  ([  {1(1  -  I)  }6/2B(-fb)q  d|g|)  (  n*3  ( J  (T  )  -  J(T  )|d[g[) 

J0  *  Jo  n  n  n 


=  O(l)o  (1). 

P 


.  (3) 


(3.23) 


To  handle  S  ,  we  note  that  it  may  be  written  in  the  form 

n,  1 


.(3) 
5n ,  1 


dL2(t)xn,l(t){ 


Xni2(1-I)Un((J(rn)  -  J)/<rn  -  I))dK)  (3.24) 


where  the  indicators  x  X  were  defined  preceding  (3.15).  Define 

it  fi/i  n  t  z 

r1  r1 


^2 


(1  -  IJUJ'dgJdL^.  Then 


ls(3)  -  r  I  <  s(1)  +  s(1) 

'  n,l  J2‘  —  n,13  n, 14  9 


(3.25) 


where 


„(1) 

3n,  13 


IB(*,b)xn  |d|g| { [  (1-X)|xn  _U  (j(r  )-J)/(r  -I)-UJ'|d|g|}, 

0  n*  it  ’  n  n  (22 

n^4  =  |oIB(.,b)xnfld|g|{|t(l-I)|uj,|d|g|}. 


(3.26) 

(3.27) 


The  analysis  of  S^J_  is  very  similar  to  that  of  S^,.  Note  that 
n,13  n,ll 

|j(T  )  -  j|/|r  -  l|  <  B(r  ,c)  v  B(I,c)  by  [A4J.  Once  again  since  0  <  T  <  1 

ln,,n'  —  n~  ~  n 

in  the  range  under  consideration  in  (3.26)  wo  may  invoke  Theorem  2  of 

*  * 

Wellner  (1972):  for  some  A  c.  fl  with  P (A  )  =  1,  there  exists  for  each 

★  * 

a)  €  A  ,  an  integer  n  such  that  for  n  n  ^ 

w  m 


IJtV  -  J|/Irn  “  xl  i 


(3.28) 


where  (<  “)  is  a  constant  and  q  is  defined  as  in  (3.17).  By  steps 

similar  to  (3.16)  through  (3.19)  for  and  the  continuity  of  J',  we 

n ,  11 

obtain,  for  each  t  €  (0,1) 


▲ 


J  *■- 

(n  ,(t)j  (i  -  i)|xn  /'n(.Mr|()  -  J)/(iu  -  i)  -  Ha  •  I  a  |  cj  |  *>'  0  .(«.?<>) 


Fui  t  hoitnoi  o  in  viow  ot  [  A4  I , 


IH(-,tl){  U  -  l)x  -,u  (‘'O'  )  -  J)/(l'  -  1)  -  U,l'  d  c|  ) 

‘  n,-  n  n  n  iii 


<  {1(1  -  1)1  B(-,b)i|  I  1(1  -  I )  H  ( •  ,v)  q.  d |  q  |  lO  (!) 


‘4  }' 


O.io) 


and  tin1  r  iqht  hand  si  do  is  a  | q | - int oqrablo  funct  ion.  Hence  1 1  om  (3.7‘>) 

and  Llu>  dominated  convenience  theorem  wo  obtain  ^  0  as  n  ► 

n ,  1  -1 

Finally  from  (3.27)  and  |  A4  I 


s(lI  < 

n,  1*1 


n,l  I 

IB  ( •  ,b) d  1 q  |  {  (1  -  I)  |  u|  B  (•  ,c)d|  q  |  } 

J()  1 

4  |  lB(*,b)d|»i|{J  (1  -  1 )  |  H  |  B  ( *  ,o)  d  |  q  |  1  , 


O.U) 


and  ns  in  1  lie  tic.itnunt  ol  (3.21)  the  f  il'd  trim  on  tlio  riqlit  liand  side  of 


(.3.31)  may  bo  bounded  by 


fl  i 

(*,b)d|q|{  I  * 
t 


(I  -  I)!,/‘lB(*,o)q ,d|q|  },»  (H,0) 


’*  M, 


<  (j  (1(»  -  I)}  /  B(.,b)M1>d|q|)(J  1(1  -  iJl'f'.cJq^lqho^d) 

I) 

o  (l),  sinoo  the  intoqral  oonvoiqi’s  and  !.  ,  0. 

i>  n .  1 

The*  samo  arqument  applies  1  ft  t  ho  soeond  I  rnn  on  llio  riqht  hand  sido  of 

( 1 )  p 

(  I.  11)  ami  so  wo  havo  F>  ,  ■>  0  and  honoo  tinally  from  (1.2S) 

n ,  1 3 

S(<!  X  -  f  {[  (I  -  UlU'dqldl.  .  I 

n'*  ’  Jo  Jt 


(3.37) 


In  the  Appendix,  I.i'inm.i  1,  we  show  S  'J  *>’  0  as  n  11  Thus  from  (1.14), 

u ,  1 

(3.32)  ,  (3.23),  (3.  32)  and  Mu*  above',  i(  follows  that 


S  «  C  -  f 
n.l  ’2  1 


<  f.  '  0 


Tin-  analysis  of  f!  ..  is  out  iroly  analoqous,  .mil  homo,  in  t  ho  iti- 

n  ,2 

t crest  of  brevity,  wo  omit  t  ho  dotii.il::  and  present  only  t  ho  final  losnlt: 


S  „  s  C,  +  t,  as  n  * 
n ,  2  .1  -I 


(  i.  <«l) 


WlllTO 


t  L  UJdq  and  I.  ,  11., 

3  Jo  1  4  J.i  1 


U.t’dij 


(  1.  3r>) 


finally,  a  very  siinilav  analysis  loads  to  the  concl  ns.  ion  that 


K  *»  t)  as 
n 


(  1.  U<) 


Hence  from  (3.7),  (3.  13),  (3.34)  and  (t..U>)  wo  obtain  that 


2  o 

n  (o(j  -  o  )  i,(f.  -  t  f.  ^  t  t.  j)  as  n  ' 


(  1.  17) 


In  I.omma  2  of  tho  Appendix  wo  show  that 


j  >n,0dq  S,  say 


(  1.  10) 


where  I.  is  defined  by  (2.11).  Thoroforo  with  i  dofinod  by  (3.14),  S 


lias  tho  normal  distrilnit  ion  with  moan  0  and  vat  innee  t  . 


Q.K.Ii. 


Tho  proof  of  Tlioorom  2  prooi-ods  very  inuoh  alonq  tho  samo  linos  and  so 
w*'  omit  some  details  hero.  Correspond  inn  to  (2.13)  and  (l.M  wo  define  fot 
each  n  >  1 , 


I.  ,(t) 
n,  1 


n  t 


(]  -  r  ).t  <r  )dit,  for  t  C  If.  .  ,  n  i 
n  n  ii  ti,l  n 


(3.  <•>) 


with  1.  ,  si  t  equal  to  stern  otherwise  and 

n ,  1  _ , 

n  \ 


I.  U) 
l  ,n 


■  n 

J(2)d 

t 


i| ,  fot  t  (.  (0,n  t  1 , 


(  1.40) 


with  !.,  sot  equal  to  store  othoiwiso. 
1 ,  n 


for  simplicity  we  shall  wiit«-  I,  for  1.  in  t  ho  sequel  .  Now 

1  1  ,11 

*2  fl  *  2  -1  *  * 

o  S  I'  .ell-  ,  and  o  (n  i  )  1  /2  h.dl.  .  (3.4 

n  JQ  n.l  n,2  n  J0  1  2 

Therefore  corresponding  to  (.1.7)  through  (  1.  10)  wo  have 


S  *2  2  - 1  *  *  * 

n  (o  -  o  (n  i  )  )  >}  (S  i  S  +  K  ) 

n  n  n,l  n ,2  n 


(  1.4.') 


where 


*  f  "  l  *  * 

S  °  ii  (1,  .  -  I., 

n,.l  J  n ,  l  1 


)dl.2  , 


(  l.-l  0 


n  i 

*  n  *  S 

S,  h,d{ri  (i.  -  L  )  1, 

n  *  *■  J  ,  1  n ,  2  2 


(3.4-1) 


nS(L*  -  l*)d(h  -  I,  ). 
n,  1  l  n , 2 


(  1.4S) 


Tho  decomposition  oori'osponding  to  (3.1.7)  roads 


*  * 

SO.  -  h. 

n ,  .1  I 


n  i  n  i 

•  n  n 

)  -  U  J  (!'  )  dq  + 

""  "  J, 


(1  -  l ) n  J  (.1  O'  )-j(l  ))dq 
n  n  n 


(l  -  I)nS(d(r  )  -  d ) dg ,  t  C  [  l,  ,  ,  H_li  ) 
n  n,l  n 


n  \ 

s  f  “ 

■"  J, 


(l  -  DJdq,  t  0  (0,f. 


(  U4n) 


—  Ip  p 

Since  n  t  >  a  (v  1)  by  assumpt  ion  and  f.  ?>  1,  tho  not  on  which 

n  n,n 

n  '  i  <  !  has  probability  which  tends  to  one  as  n  *  Tho  argument 

n  n,n 

used  to  examine  (3.14)  now  applies  with  only  minor  modifications,  l-’oi 
i nsl anoo 


n  l  n  i  ii  i 

-  n  r  n  r  n 

dti  {  II  J  (I'  )dq  -  tl 

h  .  '  Jt  n  n  M  Jt 


Jdql  '  t', 


(3.47) 


15 


and  tlu>  usual  argument  shows  that  provided  n  \  £  u 


-1  -1 
n  t  n  i 


turn  t  ra  m 

!  dL.,{  UJdcj }  !'  f  -  dL  {  UJdq}. 

V]  <t  J„  J> 

-1  -1 
II  1  II  I 

(  n  t  n 

likewise  dL.  {  (L  -  l)n  (J  (!'  )  -  j(r  )dq)  *>’  0 

Jf..wl  2  Jt  n  n 


(3.48) 


-1  -1 
n  t  n  t 


[  dl.  { (  (1  -  I) n** (J (T  )  -  J) dg ]  ^  r,[ 

JL  .  Jt  " 


(3.4‘>) 


whore 


a  r  a 


r.  =  dl,  {  (1  -  iJUJ'dg} 

J0  Jt 

f  ,  n"  i 
f  u.l  f  n 


(3.50) 


iT  u.l  r  n 

Finally  n  I  dl.^1  J.-.dg}  f>  0,  l»y  the  argument  in  Lemma  1  of  the 

j0  Jt  '  ' 


Appendix.  From  (3.40)  through  (3.40)  wo  obtain 


*  p  *  * 

-Vi  '  S  -  s 


*  * 

Finally  for  S  _  and  H  the  results  are 
n ,  2  n 


(3.51) 


*  p  *  *  *  i) 

s  „  *>  r.,  +  r  and  K  0 
n ,  2  3  4  n 


(3.52) 


where 


*  f°  + 

S =  L1IK 

J0 


*  I  + 

Uddg  and  r  =  IL  UJdg 

Jo  1 


(3.53) 


Hence  from  (3.42),  (3.51)  and  (3.52)  we  get 


*i*2  2-1  n  *  *  *  * 

n  (on  -  o  (n  Tn))  >  S<r.2  -  tj  +  r.3  3 


A  minor  modification  of  Lemma  2  of  the  Appendix  will  show  that 


*  *  *  *  frt  + 

hU2  -  S  *  b  *  V  ’  J0  V"' 
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and  thus  t  !t«'  fit  vt  |vn  I  ol  Theorem  is  ptovoti.  Kor  tho  second  part  wo 

need  only  roeoqnir.e  that  foi  n  't  «.  a, 

n 


-1 

n  t 


S  #  2 ,  - 1  .  , 

n  (o  (n  i|()  -  o  (a)  ) 


f 

n 

ra  », 

^  0 

Jmdg)  -  1/2  n 

L!d,*2 


n  t 


with  a  similar  expression  it  n  t  '  o.  Now,  fot  tho  first  tom  wo  may 
uso  tho  arqumont  of  I.omma  l  to  show  that  it  convorqes  to  jrero  in  pi  obab  i  l  '  ty 
as  n  ‘  Kor  tho  second  toim  the  add  it  ional  assumpt  ions  on  q  and  i 


q  i  vo 


<  C(  Dn*’  |  q  (n  *  t  )  -  q  (a)  | 

1  _  I 

v  O  ( 1  )  n  [  n  i  -  a  |  |  q  •  (<r) 


o  ( n . 
p 


llonoe  Theorem  is  proven. 


4.  Some  general  remarks. 

Consider  the  following  example,  l.et  Xj , .  . .  ,X  he  1  id  rv’s  with  df  F 

anil  K  |  X .  |  <  *"  for  some  r  >  4.  We  shall  consider  the  sample  variance 

,?  .  n 

(4.1)  o  ■*  n  )  (X.  -  X  V 

n  /.  i  n 

i  **  1 

where  X^  -  n  ) j_j  is  1  *u'  sample  mean.  Then  in  the  notation  of 

Theorem  1  wo  have  e  »  1  for  all  i,  l  «.  i  <  n  and  g  -  K  1 ,  Note  that 

I  x .  |T  v  •"  implies  1  im  t  ( 1  —  t )  |  F  (t)J1  -  0.  Tims  |g|  v  11  on  (0,1) 

t>0+,l- 

w.lth  a.  ~  a..  **  1/r .  Also  .1  ••  .1  e  1  so  that  h,  *  h.,  =»  0  and  A3,  A4 

hold  ti  ivially.  Therefore  if  we  take  A  sneh  that  1/r  *=  1/4  -  A  we  have 

1U-  an  integration  hy  parts  (3. IS)  holds. 


A  >  0  provided  r  '  4. 
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Now  1.  ^  o f  (2.13)  reduces  to 

I.  (1)  -  -2l"\t)  4  2 f  F^t^ds. 

J0 

For  simplicity  lot  us  take  F.X.  *=  0  so  tli.it  j  K  '  (s)ds  “  0.  Then  In  (7.17) 

-1  2  0  2  4 

wo  may  take  t;,,(t)  “  -{!•'  (t  )  I  .  So  wo  obtain  >  »  Vi,  -  o  wlioro 

u  4 

4  2  2  2 

U.  KX.  and  o  *°  KX.  c  o  (1).  Honoo  Theorem  1  yields 

4  11  1 

nS(o?  -  o2)  f  N(0,  u  -  o4),  (4.2) 

n  1  4 

a  result  which  is  obtainable  under  the  assumption  r  **  4.  In  this  context 

Theorem  1  "just  fails"  to  yield  the  slight ly  stronger  conclusion. 

The  above  example  presents  a  very  interest  injt  observation  pertaining  to 

the  different  sets  of  conditions  that  suffice  to  yield  the  almost  sure  (a.s.) 

convergence  of  the  statistics  T  .  their  asymptotic  normality  and  the 

n,n  -  1 

*  2 

asymptotic  normality  of  the  estimator  of  the  asymptotic  variance.  We 

have  noted  that  if  Al,  A2  obtain  and  (2.7)  holds  then 

,1 

.  !»(•,  h)q,d|p,|'<  ™  (4.3) 

h) 

■) 

and  both  p  (O  of  (2.S)  and  o‘ (l)  of  (2.b)  are  finite  and 

nS(T  -  nn(D)  N (0 ,  o2(l)).  (4.4) 

2 

Under  Al ,  A2  (2.7)  ensures  the  finiteness  of  g  (1)  and  (4.3)  that  of  o  (1). 

2 

To  obtain  the  asymptotic  normality  of  t he  variance  estimator  of  d  (I)  of 
(2.8)  we  impose  the  additional  assumptions  A3,  A4  and  replace  (4.3)  by 
the  stronger  condition  (7.1r>).  The  a.s.  convergence  of  T^  n  has  been 
studied  by  Wellner  (1977).  If  Al  ,  A?  obtain  and  a^  4  b  *  a^  4  b.,  -  1-<S 
then  p  (1)  is  finite  and 


■pnm 


mmmm 


U< 


(T  -  u  )  -  0. 

n,u  n  a.s. 


( 4  • ) 


Sou  (19/8)  has  o!i  t  a  i  iii't.1  t  ho  a.s.  convergence  of  o^(l)  following  a  d  i  I  - 
toront  toolminuo. 

For  Clio  "stopped  statistics"  T  thoir  asvmptot  io  normality  is 

n ,  i 

n 

ilorivoi!  in  12].  Ay,  a  i  n  it'  A1  ,  A2  obtain  anil  (2.7)  ho  Ills 


prov  lit 


n*1  (T  -  ii  (n”\  ))  N(l),  o2(..)) 

n,i  n  n  t 

n 

oil  ii”  ^  i  S  a  C  (0,1)  anil  g  admits  a  derivative 


(•!.(>) 


al  a  or 


( ii  -  ci)  =  0  (l)  and  g  is  continuous  at  a.  In  t  ho  lattoi  caso  it 

n  P 

wo  further  assume  the  stronger  condition  n  (n  t  -  u)  0  thou  1^) 

in  (-'* .  b)  ran  bo  also  replaced  by  p  (a). 

The  a.s.  convergence  ot  l*  can  he  iliscusseil  *i  1  oiij;  the  lines  ot 

n ,  i 

- 1  n 

Wel  Iner  (1977)  assuming  n  i  a. 


S .  Ajpjao  ini  i  x 

homma  1:  tmder  the  hypot  Ill's  i  s  ot  Theorem  I  and  del  inod  by  (3.1.’) 

it,  ji 

(4)  p 

and  (3.14),  wo  have  S  •»  0  as  u  » 

-  n,l 

Proof.  We  first  write  in  the  form 

-  n,l 


s<4>  ,  _(s‘4)  +  a(4)  f  s<4>  > 

11,1  11,11  *u,12  *11,13’ 


(b.l) 


whore 


_  (-»)  ,  s 

s  ,,--(ii 

n ,  ll 


r- 


n  ,  n 


r» 


Id da)  ( 


(1  -  Ddda), 


l  “ ' 1 
f ‘  n,  l 


n ,  n 


(l  -  i).tda>. 


S(,1)  n**  I  Iddq  { 

n'12  Jo 

S(4|  ,  -  I1S  f  Iddq  { (  (l  -  nodal. 

n'1-  Jf  Jt 


Therefore , 


f, 

(•1)  ,  *>f  n,n  f1 

3n  lll  1  (»  f  IB{*,fe)d|q|)(  .  (1  -  DHC, 

*  n,l  *’n,n 


,b)d|y|) . 


(5.2) 


Now 


[  n'"  IB(*,fe)d|q|  -  C'V4 
J,  n.n 


'n,  l 


n'"  l\(- ,b)d|q|  , 

€n.l 


(5.3) 


and 


(1  -  I)B(-,b)d|q|  -  (1  -  S.  )** 
J  C  —  n,n 


n,n 


and  therefore  from  (5.2), 


n,n 


IvS/''  Si  -  I)'S/*+,,B(-,b)(yl|q 

(5.4) 


(3,^1  in'5  I  n,n{l(l  -  I)  }St(*,b)d|q|  {1(1  -  1)  ltf/2,’!B(.  ,b)q,d|q| 

'  '  f  {  • 

n ,  1  'n,n 

1  (["  '  (Ml  -  I))  B  ( •  ,b)  q.d  [q  |  )  (  B  ( •  ,b )  q.  d  I  q  I  )  n  ‘  ( 1  -  f,  )  ** 

jf  »  f  ~  *»  '  '  n,n 

n,l  ^n,n 

=  o  (l)o  (1)0  (1)  o  (l) . 
p  p  p  p 

The  arqument  for  S*4}  is  entirely  analogous  while  for  S*4)  the  stops 
B  *  l J  n ,  1 2 

are  similar  except  that  wo  use  nf,  ,  O  (1).  Hence  S  4^  ^  0  foj 

n , 1  p  n,li 

i  =  1,2,3  and  the  lemma  follows  from  (5.1). 

Lemma  2.  With  , r, , i.y c  defined  as  in  (3.22),  (3.32)  and  (3.35) 

equation  (3.38)  holds. 

Proof.  From  (2.11)  and  (3.35)  we  have 


C3  +  ‘4 


Also  from  (3.22)  and  (3.32  ) 

p! 


1 


(5.5) 


f>2  - 


0 


dh2{ 


IU<2>UrK 


(5.  (>) 


lnl ej;i at  inp,  by  parts,  wo  obtain 


<2  -  ''I  “  j0  L2V''W*  4  ,'.'(,){j(  lU(2)‘,‘*-I,..0- 


Wo  shall  show 


lim  1,(1)  !  0  (S.7 

whore  the  limit  is  t  akon  in  each  of  the  two  oases  t  ‘  0+  atul  t  ►  1-.  In 
what  follows  this  is  to  bo  interpreted  whenever  t he  limit  is  not  explicitly 
stated. 

Now  for  e.teh  t  c  (0,1) 

f>  ft  fl 

|b,(t)  lUdij |  -  -V  (H,0)  (  lPC,l'M'n|u  »M*,b)qkd|g;i  . 

J  t  qS  0  '  t 

in  view  of  relat  ions  simitai  to  (h.d)  and  (‘'.-11  the  function  on  the  right 

hand  side  of  (h.b)  is  dominated  by 

ft  <  ,  fl 

(j  (Ml  "  \)V  '  *>(•  ,b)q^d]n|  )  (  b(- ,b)q^d|o|  )  ,  (s.n 


and  so  by  (.'.l1'),  (r>.0)  must  vanish  in  the  limit  as  t  ‘04  and  t  '  1-. 


lim  l  ,  <t  )  Uddg  0  . 
J  t 


(b.10) 


Ana  in  foi  each  t  t  (0,1) 


|l.,(t  )  (l  -  I )  Ud  ’  da  ■  -  .V  (U 

‘  J ,  qS 


ft  f ' 

, 0)  (  j  IP(*  ,l»)d|n|  )  (  il -imp  ,e)q  djnj 

J  ■  .  J  »  ^ 


(!>.  I  1  ) 


and  the  t  unet  ion  on  the  t  ight  hand  side  of  ('>.11'  is  dominated  bv 


ft  , ,  f  l 

(  (Id  -  1)  )  '  '  b(- ,b)q,d|u|  )  (  1(1  -  l)b(-,e)eud|o;  )  .  (-..Id) 

•’0  4  Jt 
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